When one considers systems with orientational order, such as liquid crystals, there are various aspects of the ordering that one wishes to quantify. Two properties of the system that one wishes to identify are its overall director, and the extent to which it exhibits biaxiality. We give an exposition of some standard approaches to these issues suitable for advanced undergraduates or beginning postgraduates.
Introduction
The purpose of this note is to provide an introduction to some of the order parameters of interest in the study of liquid crystals at a level appropriate for advanced undergraduate or beginning graduate students. It should provide the reader with sufficient understanding to facilitate the further study of the more technical literature in which these parameters are used and extended. In the following sections we will consider the problem of identifying an overall system director for a system of molecules, and quantifying the extent to which the system might be regarded as ordered. The simplest situation in which we can consider this is when the system comprises molecules with one axis of rotational symmetry; if the molecules are not aligned with equal probability in every direction, the system is said to exhibit nematic order, and we can use the axis of rotation, or molecule director, to determine a preferred direction for the system, or system director. It may also be that a system of such molecules picks out another preferred direction-if it does so, we say that the system is biaxial. We will also consider this possibility. Next we consider the situation where each molecule can be associated with an orthonormal basis of unit vectors, i.e. the case where the molecules do not have rotational symmetry about any axis; in this case the axes may be (for example) the eigenvectors of the molecule's inertia tensor. We can see once more how to identify a preferred direction for the system, and so a nematic order, associated with one of its axes; and now we can investigate whether there is any other preferred direction associated with the remaining axes, i.e. whether the system is biaxial in this sense. Finally, we will briefly discuss the two notions of biaxiality that have been presented. But before we go on to present definitions of director and biaxiality, we will need a little notation. If a molecule has rotational symmetry, we associate with it a unit vector e z , which points along the axis of symmetry of the molecule. If it does not have rotational symmetry, then we associate with it an orthonormal set of vectors, e x , e y , e z , which may refer to the semi-axes of an ellipsoid which models the shape of the molecule, or its principal axes of inertia, but need not in general. Whenever we consider the components of a vector, it will be with respect to some fixed laboratory set of axes, which we will denote E x , E y and E z . Now, these vectors are attached to each molecule comprising the system under consideration; so if we label the molecules by i, where i = 1 . . . N , then we have vectors e
z depending on the degree of symmetry of the molecules. There are two basic ways of thinking about order parameters which we will consider here. One approach is to consider explicitly distribution functions for how the molecules are oriented, and extract order parameters from these distribution functions by using a spherical harmonic decomposition. This is analogous to expressing a function in terms of Fourier series and considering the Fourier coefficients as the relative contributions of the various harmonics. Another approach considers how to extract these same order parameters from tensors, or dyadics, constructed from the vectors e
x and e (i) y . Before defining our dyadics, we recall that if u is a vector given by
T in the basis {E x , E y , E z }, and the dyadic u ⊗ u is then represented by the matrix U U T . All the following dyadics can be regarded as matrices in this way, and of course, this is how they are computed in practice. We now define the dyadic Q zz in two stages: first, we define P zz , constructed from the vectors e (i) z .
The angle brackets, as usual, indicate averaging over the system. Finally, we define the Saupe order tensor [1] by
The definitions of P xx , P yy , Q xx and Q yy are obtained simply by replacing z by x or y as appropriate. We make only two more observation before proceeding to develop definitions of director and biaxiality. First, we note that the P and Q dyadics have the same eigenvectors, but that if v is an eigenvector of P with eigenvalue λ, then it is an eigenvector of Q with eigenvalue (3λ − 1)/2. Second, we note that the Q dyadics are constructed to have trace zero, so that the sum of the eigenvalues of a Q dyadic is automatically 0. Because of this relationship between the P and Q dyadics, everything could be done entirely with reference to the Q dyadics, and indeed, this is an approach that is sometimes used [2] . The only difference between that approach and the one followed here is that a different strategy must be adopted for identifying the dominant eigenvalue; it is, of course, equivalent to the one we will use. Note that this article is intended to provide an exposition of the meaning of some order parameters useful in the consideration of liquid crystals. The definitions given here can be used directly in the computation of order parameters in computer simulations of such systems; the experimental measurement of these parameters for real systems is an interesting and important topic which we will entirely neglect here. For information on the experimental aspects of this problem, see [3] .
Order Parameters for Uniaxial Molecules
First we will consider the case where the molecules have rotational symmetry about some axis, which we will label e z . We also assume that the molecule has the symmetry of an ellipsoid of revolution, so that there is no way to distinguish e z from −e z . The question of how well the directors of a rotationally symmetric can be addressed in terms of a distribution function describing the proportion of molecules whose directors are in a neighbourhood of a given angle away from some reference axis. More precisely, fix a reference direction E z and let let P (θ) be such that P (θ)dθ is the fraction of molecules in a sample whose directors make an angle of between θ and θ + dθ with the reference direction. Now, P (θ) can be expanded in various ways. One particularly useful expansion uses Legendre polynomials [4] ; we have
where the functions P l (cos(θ)) satisfy the orthogonality relations
The first few of these polynomials are given explicitly (denoting cos(θ) by x) by
and also have the property that for even l, P l is an even function while for odd l, P l is odd. In our case, where there is no distinction between e z and −e z , this implies that only the even Legendre polynomials contribute to P .
The coefficients p l are easily found because of the orthogonality relationship: we have
and for a particular sample this can be computed by averaging the value of P l (cos(θ)) over all the molecules in the sample.
We thus obtain
and < P 2 > is the first order measure of how well the molecule directors are ordered in the direction E z . When E z is the direction which maximizes this quantity, we regard E z as the system director (describing the average axis along which the molecules may be regarded as aligned) and the order parameter is often called S. This is the approach which was developed by Tsvetkov [7] . In particular, we note that if S is positive, then the directors of the molecules have E z as preferred direction; if S is negative, then the directors avoid E z . An isotropic system, i.e. one with no preferred direction, has S = 0. We can also obtain S in a more direct manner using one of the tensors defined above. For each molecule i specifies a unit vector, e
z , and we have the tensor Q zz defined in the introduction. So how can we extract from this a preferred direction for the system, and a measure of just how preferred that direction is? There is one natural way of associating special vectors with a matrix, and that is to consider its eigenvectors. Since Q zz is symmetric, it has three orthogonal eigenvectors and all eigenvalues are real. One obvious candidate for a preferred direction for the system is the eigenvector associated with the dominant eigenvalue (i.e. the eigenvalue of greatest absolute value). In fact, although it is not quite obvious, this coincides with the definition given by Tsvetkov. We can see this by picking one particular direction for E z , and some unit
where θ is the angle between E z and v, and so
In this case we see immediately that if v is an eigenvector of Q zz with associated eigenvalue λ, then v T Q zz v = λ. But it is a standard fact of linear algebra that if M is any symmetric matrix, and v is a unit vector, then the largest value of |v T M v| is the modulus of the dominant eigenvalue M , and this value is obtained when v is the associated eigenvector [8] . Thus the v which maximises this quantity is exactly the director defined by Tsvetkov.
So we find that in this picture the eigenvector associated with the dominant eigenvalue of Q zz is the system director, and the eigenvalue itself is the measure of how ordered the system is about that director. We thus see from two different perspectives how an overall order parameter for the system may be defined, and that it may be easily computed once the Saupe order tensor is obtained.
There is still more information we might be interested in, though. Once we have our system director, we can ask how the molecule directors are distributed about it. The size and sign of S tell us how clustered the molecule directors are, and whether they are clustered in the direction of the director or orthogonal to it. But we can also consider how the system behaves when it is rotated about the director. It may be that the system is symmetric under this operation, in which case it is uniaxial. On the other hand, if rotation about the director is not a symmetry, then there is a preferred direction orthogonal to the director, and the system is said to be biaxial. To investigate this, we project the directors of the molecules to the plane orthogonal to the system director. If the director to a molecule is equally likely to point in any one of those directions, then the system has no biaxiality; on the other hand, if the director has a preferred direction, then the system does display biaxiality. To give some measure of this, we diagonalize the matrix Q zz ; in other words, we find its components in a basis built out of its eigenvectors. This gives a matrix of the form
where |q z | ≥ |q y | ≥ |q x |. But we know that q z = S, and that q x + q y + q z = 0, so we can re-write this as
So we can see that ξ, which is given by half the difference between the smaller eigenvalues of Q zz measures the extent to which it is possible to distinguish a direction in the plane orthogonal to the director. If ξ = 0, then the system is unchanged by a rotation about the director; if ξ is non-zero, there is a preferred direction orthogonal to the director, and we have a biaxial system. This can be given a geometric interpretation as follows: we regard the density of molecule directors as determining an ellipsoid in space. Then the major axis of this ellipsoid lies along the system director, and its magnitude determines the order parameter. The difference between the minor axes is a measure of the extent to which the molecule directors are not equally scattered in all directions perpendicular to the system director, and gives the biaxiality parameter. We can also see the connection between this measure of biaxiality and the distribution function for molecule directors in the system by using a decomposition of the density function in terms of spherical harmonic functions. To this end, we fix a set of axes, E x , E y and E z and consider the probability density function P (θ, φ) which describes the probability of a molecule director making an angle of θ with the E z direction and its projection to the E x , E y plane making an angle of φ with the E x direction. The probability density function P (θ, φ) can now be expanded in terms of the usual spherical harmonics, Y ln (θ, φ); however, it is usual in this context to use instead the rotation matrices of Wigner [5] which are multiples of the spherical harmonics. The rotation matrices which are relevant here are those of the form D l 0n , where D l 0n is a multiple of Y ln , and the first few are given by
In terms of these functions,
where the angle brackets again indicate averaging over the molecules in the system, and the averaged quantities are known as the orientational order parameters. Now, the components of the unit vector determined by a molecule director with angular coordinates θ, φ in some coordinate system are given by (sin(θ) cos(φ), sin(θ) sin(φ), cos(θ) and so the Saupe matrix S zz is obtained by averaging the matrix
over the system. Thus, if the axes E x , E y and E z are chosen to be eigendirections of S zz (with the zdirection associated with the dominant eigenvalue) then we have
which can be expressed in terms of the orientational order parameters listed above, giving
Re < D > /2, and so can be understood as arising from the spherical harmonic decomposition of the director's probability density function in the appropriate coordinate system. This also enables an alternative computation of the order parameters, which can be used as a consistency check: once the appropriate axes have been found by diagonalization of Q zz , the order parameters can be calculated by numerically finding the spherical harmonic decomposition of the distribution function for the molecule director in this coordinate system. See Zannoni [6] for more detail and a further development of this material. The MATLAB routine nemord.m Z = Eig(:,1); Plane=Eig(:,2:3);
can be used to investigate these parameters. This file can also be obtained from the author's website, http://www.mis.coventry.ac.uk/~mtx014/pubs/nemord.m. It is instructive to experiment with a and see how the system director switches from the z-axis to the x-axis as a is increased.
Order for systems of biaxial molecules
In the previous section we saw how the eigenvectors and eigenvalues of Q zz could be used to define a director and measure of biaxiality, when the molecules comprising our system had rotational symmetry. We next consider the case where the molecules have less symmetry, and so a set of three orthonormal axes can be attached to each molecule. Because of the loss of symmetry of the molecule, there is a new way in which biaxial behaviour can occur. In the ideal case, we imagine a system of molecules where all the e y all lie in a common plane, and it may be that these axes themselves determine preferred directions in this plane, which again we can regard as biaxial behaviour. Note that this form of biaxiality is distinct from the previous one, as ξ must be exactly 0 if all directors are perfectly aligned. We can now define three tensors, namely Q zz , Q yy and Q zz . Again, we define an overall director for the system; but this time, we do not have a single molecular director to work with. The solution is straightforward. We find the dominant eigenvalue of each of Q xx , Q yy and Q zz , and the associated eigenvectors, and take as system director that eigenvector associated with the dominant eigenvalue of greatest absolute value. This provides us with an overall director for the system, and an order parameter that measures the extent to which the system is ordered in that direction. But now we can consider the possibility raised above, namely that the secondary molecular axes determine a preferred direction. So how do we measure the extent to which a system is biaxial in this sense? One way [9] is to consider now axes perpendicular to the overall system director; we will call the system director the E z axis, and then E x and E y must be chosen to complete this to a right-handed orthonormal system, as usual. There are various possibilities for just which quantities we might consider constructing out of the Q xx and Q yy tensors, together with these new axes. If we have chosen E x and E y axes, with associate unit vectors X and Y respectively, then X T Q xx X measures the extent to which the x-axes of the molecules are aligned with the E x direction, and so on. We then see that a measure of biaxiality is given by
which is the difference between how well the molecules' x-axes and y-axes are aligned with the E x and E y direction respectively and how well they are aligned with the E y and E x directions respectively. If the molecules' x and y axes are perfectly aligned with the E x and E y directions respectively (or with the E y and E x directions respectively), this quantity is 1 (or −1), while if they are equally likely to point in any direction normal to E y , it is 0. Thus a non-zero value for this indicates a degree of biaxiality in the system. As with the case of the uniaxial system, to give a measure of the biaxiality of the system, we want to find the X and Y axes which maximise this quantity; if this maximum is zero, then the system does not distinguish any particular orientation in the plane orthogonal to Z, while if it is 1, then the x and y axes are perfectly ordered. The question remains: how do we identify the X and Y axes that provide our biaxiality measure? We cannot just use the eigenvectors of Q xx and Q yy , because there is no guarantee that they will be orthogonal to Z, or to each other. (Though for highly ordered systems they are approximately so.) One approach, used by Allen [9] in the study of a system of ellipsoids, is to use the eigenvalues of Q xx and Q yy , and project the relevant one of these to the plane orthogonal to the system director. Now, one might initially consider using the dominant eigenvalues of these, but this is not appropriate. For if the dominant eigenvalue of greatest magnitude is negative, then we are picking out a direction avoided by the molecular x or y axis, and in the case of a system with significant nematic order, this will be (approximately) orthogonal to the plane perpendicular to the system director-in other words it will be approximately parallel to the system director. In the extreme case where we have perfect nematic order, this eigenvector will in fact be parallel to the system director, and its projection to the plane orthogonal to the system director will vanish. Instead, we use the largest positive eigenvalue, and its associated eigenvector. The projection orthogonal to Z of the eigenvector associated with the larger of these two is then taken to define the Y axis, and X is obtained by completing the set of axes to a right-handed orthogonal system. This procedure provides one with the required biaxiality parameter. Again, this can be defined in terms of spherical harmonics. To do this, we consider the Euler angles (θ, φ, ψ) associated with the rotation taking each molecule from some reference orientation to its orientation in the sample. For each state of the sample there is then an associated probability density function P (θ, φ, ψ) given the probability that the orientation of any molecule in the system is described by the Euler angles (θ, φ, ψ). One more, this density function can be expanded in terms of Wigner rotation matrices which now form a generalization of the familiar spherical harmonics, and the biaxiality parameter defined above can be expressed in terms of the average value of a combination of these rotation matrices. The process is similar to that outlined in the case of uniaxial molecules, but more technical, and more detail can be found in [6] . The behaviour of these parameters can be investigated using the MATLAB file biaxial.m. function [Z, S, xi, Axes, B] = biaxial(a,b,c); %% biaxial takes as inputs three rotational parameters: %% The molecule is rotated about its z-axis by a By experimenting with the MATLAB functions provided, one can fairly easily find examples where ξ vanishes although B doesn't, and vice versa. We should also note that this does not exhaust the possible ways in which biaxiality can arise in a system composed of molecules with at most uniaxial symmetry. If we interpret as biaxial any system with more than one direction picked out, then a system with a significant S, where the particles are confined to layers which are not orthogonal to Z is also biaxial; for the plane in which the molecules lie contains precisely one axis orthogonal to Z. This form of biaxiality cannot be quantified by the methods we have considered, as the positional ordering of the molecules is required in addition to their orientations.
